The typical cause of flexural failure of prestressed beams is compression crushing of concrete, which is a progressive softening damage. Therefore, according to the amply validated theory of deterministic (or energetic) size effect in quasi-brittle materials, a size effect must be expected. A commercial finite-element code, A TEN A, with embedded constitutive equations for softening damage and a localization limiter in the form of the crack band model, is calibrated by the existing data on the load-deflection curves and failure modes of prestressed beams of one size. Then this code is applied to beams scaled up and down by factors of 4 and I /2. It is found that the size effect indeed takes place. Within the size range of beam depths of approximately 152-I ,220 mm, the size effect represents a nominal strength reduction of about 30% to 35%. In the interest of design economy and efficiency, a size effect correction factor could be introduced easily into the current code design equation. However, this is not really necessary for safety since the safety margin required by the code is exceeded for the normal practical size range if the hidden safety margins are taken into account. The mildness of the size effect in the normal size range is explained by the fact that the compression softening zone occupies a large portion of the beam and that, at peak load, the normal stress profiles across the softening zone exhibit only a minor stress reduction below the strength limit. Fitting the type 2 size effect Jaw to the data can provide a simple extrapolation to much deeper beams, for which a stronger size effect is expected. But the extrapolation has some degree of uncertainty because of higher scatter of the test data used for calibrations.
Introduction
If a building material obeys elasticity or plasticity, geometrically similar structures of different sizes fail at the same stress values at homologous points (BaZant and Planas 1997; Bazant 2005) . In other words, in plastic limit analysis, the material strength criterion suffices to predict failure, and there is no size effect.
But if a material characteristic length, or any quantity with the dimension of surface energy, is a part of the material failure criterion, then the strength (the stress value at maximum load) exhibits a deterministic (or energetic) size effect-i.e., decreases with increasing structure size, D (BaZant 2005 (BaZant , 1984 Bazant and Planas 1997) . The size effect is a salient universal property of all brittle heterogeneous materials, termed quasi-brittle. Of those, concrete is the archetypical example. The size effect has been experimentally demonstrated and theoretically modeled for most brittle types of failure of plain and reinforced concrete structures, which are characterized by Jack of a yield plateau. They include shear and torsional failures of beams, punching failures of slabs, pullout of anchors and studs, and bending or shear of plain concrete beams, slabs, and walls.
Unlike flexure of unprestressed reinforced concrete beams, which can be designed to fail due to steel reinforcement yielding, the flexural failure of prestressed beams is brittle. This is evidenced by the absence of a yield plateau and by postpeak softening that begins right after the maximum load. Because of prestress, brittle flexural behavior cannot be avoided by using a steel ratio below a balanced steel ratio. Although flexural failure of prestressed beams can be caused by yielding of the prestressing steel, the usual cause is compression crushing of concrete. The crusfiing causes a size effect.
Unfortunately, the experimental evidence does not include the size effect. Although laboratory tests of flexural failure of prestressed concrete beams were carried out long ago (Janney et al. 1956; Billet 1953; Feldman 1954; Warwaruk 1957; Tan and Mansur 1992; Raju et al. 1973 ), it appears that no test series with a significant size range has ever been carried out, doubtless because the plastic limit analysis was the only theory of structural strength in the 1950s, when these tests were made. So it is impossible to decide the question of size effect purely on the basis of the existing experimental data. Nowadays, it is nevertheless possible to obtain realistic predictions of the failure of quasi-brittle structures using a finite-element code with a realistic triaxial constitutive model for softening damage and a localization limiter, provided that the code is adequately calibrated by experiments. Suitable for this purpose is the commercial code ATENA (Cervenka and Jendele 2008), which uses the crack band model as the localization limiter (Bazant and Planas 1997) and offers the choice of two embedded constitutive models for softening damage-a tensorial plastic damage model and a microplane model called M4. Another suitable code is the Object-Oriented Finite Element Solver code (OOFEM; Patzák and Bittnar 2001) , which also includes the M4 model, as well as the nonlocal model serving as the localization limiter.
Therefore, to settle the question of size effect in flexural failure of prestressed beams, the finite-element code first is calibrated and validated by fitting the aforementioned test results. Then the calibrated code is run for geometrically scaled beams of significantly different sizes to determine the size effect.
Available Test Data Used for Calibration
Extensive flexural tests of prestressed concrete beams were carried out in the early 1950s at the Portland Cement Association in Skokie, Illinois, by Janney et al. (1956) , and at the University of Illinois at Urbana-Champaign by Billet (1953 ), Feldman (1954 , and Warwaruk (1957) . The experiments in the subsequent years were focused on bond characteristics, influence of various levels of prestressing, types of reinforcement, behavior under fatigue loading, prestressed and fiber-reinforced concretes, etc. Flexural tests of beams failing by compression crushing were made by Billet (1953) , Warwaruk (1957) , Tan and Mansur (1992) , and Raju et al. (1973) . Billet (1953) tested 27 rectangular beams with the cross-section depth of 305 mm, width of 152 mm, and span of 2,743 mm. The loads were applied symmetrically at 1=3 of the span so that the middle third of the span would be in pure flexure. The prestress was provided by patented, cold-drawn, and stress-relieved or galvanized high-strength steel wires. Adequate provisions against shear failures were made in practically all the beams. None of the beams had compression reinforcement.
The beams can be grouped into four major series in which the prestress, percentage of steel, concrete strength, and type of reinforcement have been varied. Of these 27 beams, beams labeled B-7, B-8, B-13, B-25, B-26, and B-27 were overreinforced and failed in compression involving development of V-shaped cracks, as shown in Billet (1953) .
Nominal Strength as an Indicator of Size Effect
In unprestressed reinforced concrete beams, the design code (ACI Committee 318 2008) requires the steel ratio to be less than 75% of the balanced steel ratio, in order to ensure the beam to fail by the yielding of steel rather than by the crushing of concrete. Therefore, in such beams, termed underreinforced, there can be no size deterministic effect; i.e., the nominal strength σ N is independent of beam depth h.
By contrast, prestressed beams behave like overreinforced beams. They typically fail by compression crushing of concrete while the stress in steel is still below the yield limit. The crushing is described properly by damage mechanics, in which the stress-strain relation exhibits strain softening. But the concept of strain softening makes sense only if the localization of damage strain is limited by a certain material characteristic length, l c . This length must cause the flexural failure of prestressed concrete beams to exhibit a size effect. The only questions are: How strong is the size effect? What is the transitional size below which the size effect is negligible?
In the standard design procedure [ACI Committee 318 2008; International Federation for Structural Concrete (fib) 2010], the actual curvilinear distribution of the compressive stress at failure is replaced by an equivalent rectangular stress block with a compression resultant of in the same magnitude and the same location (Fig. 1) . The nominal strength σ N is defined most conveniently as the stress in this block. Based on the conditions of equilibrium of horizontal forces and moments
where
Here, d p = depth from the top face to the centroid of reinforcement; a = depth of the rectangular stress block; b is its width; M u = maximum (or ultimate) bending moment; T = total tensile force in all prestressing steel; A ps = cross-section area of all prestressing steel; and f ps = stress in the prestressing steel ( A more accurate way of determining coefficient β 1 and M u is to use the so-called strain compatibility analysis (Nilson 1987; Nawy 2006) . But this analysis depends on the simplifying hypothesis of planar cross sections, which loses accuracy once the softening compression failure begins to propagate.
Any dependence of σ N on the beam size represents a size effect. To check for this size effect, Eqs. (1) and (2) will be used to determine σ N from the measured or numerically calculated values of T and M u . During the 1960s, it was discovered that prismatic concrete specimens that were not too long (i.e., with length-to-width ratio <5) and that were subjected to compression in a sufficiently stiff loading frame do not fail abruptly at the peak load but exhibit gradual postpeak strain softening. In 1976, it was demonstrated by energy stability analysis (Bažant 1984 ) that the concept of strain softening makes sense only if it is defined as the property of a band (later named the crack band) of a certain finite width w c ¼ nd a that is a material property determined by the maximum size of material inhomogeneities, d a (with n ≥ 1). It was shown that, in an infinitely stiff loading frame, the critical postpeak softening modulus under uniaxial compression varies as jE t j ¼ EðL=w c − 1Þ, where E = Young's modulus. This implies that the longer the specimen, the steeper the softening (L = specimen length); see Fig. 2 . In other words, the smaller specimens are more ductile and the larger ones are more brittle. The effect of specimen length L on the steepness of postpeak compression softening was demonstrated experimentally in 1984 by van Mier's tests of square prisms of different lengths loaded in uniaxial compression (van Mier 1984) . Bažant and Cedolin (1991) showed that van Mier's results can be matched closely when the postpeak softening is assumed to localize into a band of fixed width w c (see Fig. 2 of this paper, as well as a similar comparison in Fig. 13 .11 on p. 855 of Bažant and Cedolin 1991) .
The effect of compression strain softening on the momentrotation diagrams of hinges that govern the stability and failure of unprestressed reinforced concrete beams was analyzed in 1976 in Bažant (1984) . Inspired by van Mier's tests, Hillerborg (1990) proposed a particularly simple model for the softening hinge in flexure of a reinforced beam [see also section 10.5.12, p. 380 in Bažant and Planas (1997) ]. He assumes that the cross sections remain planar and, as shown in Fig. 3 , he imagined the hinge to consist of a tensile stress-free crack extending up to the neutral axis and a rectangular compressed zone of width h ¼ ηc, where c is the distance from the compressed face to the neutral axis and η is an empirical constant approximately equal to 0.8. The essential property is that the postpeak uniaxial stress-strain relation is scaled such that it terminates at zero stress with size-dependent strain ε 0 ¼ w c =h. This causes the resulting moment-curvature diagram to depend on the dimensionless size, defined as
where l c = characteristic length of concrete. The stress profile can be computed as a function of the position c of neutral axis and the beam curvature κ, whereas c can be computed from the force equilibrium equation for any given κ. The bending moment may then be calculated from the moment-equilibrium equation. Thus, the full moment-curvature diagram is obtained. Hillerborg's formulation predicts that, for increasing crosssection depth (or size), the plateau of the maximum bending moment shortens; i.e., the brittleness increases. These phenomena affect the postpeak load-deflection diagrams of statically indeterminate structures and their safety margins (Bažant 2003a, b) . The design codes (ACI Committee 318 2008; fib 2010) exhibit none of these effects.
Compressive Shear Bands Consisting of Splitting Cracks
In brittle and quasi-brittle materials, compression failure begins by the formation of axial-splitting cracks Xiang 1994, 1997) . However, the axial-splitting cracks do not change the macroscopic continuum stress state along the cracks caused by uniaxial compression. Consequently, there is no energy release. Hence, by themselves, they cannot be the mechanism of compression failure and cannot control the failure load.
The axial-splitting cracks can only be the mechanism that triggers the macroscopic compression failure (Bažant and Xiang 1994) . The principal mechanism of compression failure of concrete bars and beams is sideways propagation of a band of parallel axialsplitting cracks, in a direction that is either orthogonal or (more likely) inclined with respect to the direction of compression; see which lead to equivalent results. The local buckling of the material between parallel splitting cracks leads to compression crushing (or compression-shear crushing). This mechanism was investigated within the context of finite strain theory in Bažant (1967) . A significant size effect was theoretically derived and experimentally demonstrated for the compression buckling failure of reduced-scale slender microreinforced concrete columns under eccentric axial loads (Bažant and Kwon 1994) . Their nominal strength was shown to decrease strongly with an increasing column size d, and approach an asymptote of slope −2=5 for large sizes in a doubly logarithmic plot. Partial similarity with these columns was one of the motivations for the present study. The limited ductility of inelastic hinges in reinforced concrete beams and frames, which is always associated with size effect, was discussed in Barnard (1965) and Barnard and Johnson (1965) and analyzed in detail in Bažant (2003a, b) .
Finite-Element Simulations
The beam is loaded at four points and, assuming symmetric behavior, only half of the beam is modeled, as shown in Fig. 5 . The reinforcement bars are modeled as one-dimensional truss elements. The concrete is discretized in three dimensions using eight-node hexahedral elements. For the three smallest sizes of beams, the element size is kept constant at 25 mm, and for the largest beams, the size is doubled to decrease the computational cost. The element size increase is made possible by using the crack band model.
Beams from the aforementioned data set were selected and modeled with finite-element software ATENA 3D (Červenka and Jendele 2008) , considering the same geometry, loading, initial prestress, and material properties (see Table 1 for the beam labels). Although the M4 model is available with ATENA, the simpler constitutive model (CC3DNonLinCementitious2) embedded in ATENA was deemed to be sufficient because the loading path is relatively simple (e.g., compared to impact loading), because the concrete confinement is not high, and because unloading plays no role in the process. CC3DNonLinCementitious2 is the fracture-plastic model combining constitutive models for the tensile (fracturing) and compressive (plastic) behavior. The fracture model is based on the classical orthotropic smeared crack formulation and crack band model. It employs Rankine failure criteria and exponential softening, and it can be used as a rotated or fixed crack model. The hardening/softening plasticity model is based on the Menétrey-Willam failure surface. The return-mapping algorithm is used for the integration of constitutive equations. The model can be used to simulate concrete cracking, crushing under high confinement, and crack closure due to crushing in other material directions; for more, see Červenka and Jendele (2008) .
Application of the prestress is simulated first. Then the loads are applied symmetrically at each third of the span through steel blocks placed on top of the beam. The loading is displacement controlled. The known material parameters of concrete (compressive strength f 0 c and elastic modulus E) are used directly, as presented by Billet (1953) separately for each beam ( Table 1 ). The unknown material parameters (tensile strength f 0 t , Poisson's ratio ν, fracture energy G f , and the end point w d of the strain-softening curve in compression) of the concrete material model are adjusted to match the measured load-deflection curve and reproduce the observed compression crushing mode of failure ( Table 2 ). The reinforcing steel is assumed to be elastoplastic, and its material parameters are adopted from Billet (1953) as well.
The simulations are found to capture the failure mechanism both qualitatively and quantitatively. The load-deflection curves obtained from the simulations agree well with the experiments [Figs. 6(a-f)]. For an overreinforced beam, the loading to failure may be divided into three distinct stages. In the first stage, the load deflection is linear and the beam behaves elastically. In the second stage, the concrete at the bottom of the beam is decompressed and starts cracking. This causes a reduction in the stiffness of the beam and a corresponding reduction in the slope of the load-deflection curve. In the third stage, the concrete in compression at the top of the beam reaches its peak stress and begins softening. The neutral axis starts moving downward to accommodate this softening, and the beam fails by compressive crushing. To demonstrate the failure mechanism, the corresponding crack patterns after failure are depicted in Fig. 7 . Fig. 8 shows the computed vertical profiles of longitudinal stress σ xx at midspan. Subsequent profiles are plotted for the prestressing stage, decompression stage, tensile cracking stage, and peak load state with compressive softening. The neutral axis is seen to move down during the loading, which agrees with the beam-type analysis of prestressed beams (by contrast, for unprestressed beams, the neutral axis moves up). Table 3 and Fig. 9 give a numerical comparison of the ultimate (maximum) loads from the experiment and from finite-element simulations. Also given are the results of the strain compatibility analysis, which is a beam-type analysis with the assumption of plane cross sections (Nilson 1987; Nawy 2006) . The values of f ps obtained from experiment and finite-element simulations agree reasonably well except for beams B-8 and B-13. The maximum load, P ult , differs from the experimental value by less than 4% Note: f se is the steel stress due to effective prestress force after deduction of all losses. (according to beam-type strain compatibility analysis, this difference is negligible for beams B-7, B-13, and B-27, less than 14% for beams B-25 and B-26, and 23% for beam B-8).
Note that the control modeling and calculations were done by means of the damage-plastic model for concrete, as described in detail in Grassl and Jirásek (2006) and implemented in OOFEM. These results matched well the results obtained by the ATENA software.
Size Effect on Nominal Strength of Geometrically Scaled Beams
The finite-element models of Beams B-8 and B-26 (Billet 1953 ) are scaled geometrically up by a factor of 4 and down by a factor of 0.5, while keeping the width b constant. This creates two sets of four beams, each set with the size ratio of 1∶2∶4∶8. The material parameters and the stress in the prestressing steel are kept the same. At the peak load, the vertical profile of longitudinal normal stress averaged over thickness b is plotted against the normalized beam depth η ¼ z=h for each of the four sizes; see Figs. 10(c) and 11(c). As can be seen, the compression zone has at peak load entered the strain-softening range, but barely so (which is why the size effect is only mild).
According to the design codes (ACI Committee 318 2008; fib 2010) , the values of nominal strength σ N , plotted in Figs. 10(b) and  11(b) , should be independent of the beam size. But they are not, which is an evidence of size effect.
For the scaled beams shown in Fig. 10 , the increase of size in the ratio of 1∶4 causes σ N to decrease by about 7%, and for the scaled beams shown in Fig. 11 , the size increase in the same ratio causes σ N to decrease by about 8%. These are not strong size effects, but neither are they negligible. However, the increase of the scaling ratio to 1∶8 causes a decrease in σ N of about 30% for the beams shown in Fig. 10 and about 35% for the beams shown in Fig. 11 .
The fact that, even for the large beams, Figs. 10(c) and 11(c) show only a small reduction of stress below the stress peak helps to explain why only a moderate size effect is found for the beams of the ratio 1∶4. A significant reduction of strength below the strength limit is obtained at peak load only for much larger beams, with the scaling ratio of 1∶8.
The ACI design code (ACI Committee 318 2008) specifies that σ N =f 0 c ¼ 0.85. This limit is shown in Figs. 10(b) and 11(b) , respectively. Because of a significant hidden safety margin, the size effect in the smaller size range (1∶4) does not endanger structural safety. Nevertheless, the safety margin of the smallest beams is significantly greater than it is for the large beams. In other words, compared to the large beams, the small ones are more overdesigned for flexure and thus less economical, according to the current design codes, which neglect the size effect.
In theory, the data in Figs. 10(c) and 11(c) should follow the approximate size effect law of Type 2 in Bažant (1984) , which reads as follows (Bažant and Planas 1997; Bažant 2005) Fig. 12 , as a function of the dimensionless size d=d 0 . The COV of errors of the optimal fit in Fig. 12 is 1 .8%. The optimal fit curve would dip below 0.85 only for very large sizes, for which code specifications would not provide the required safety margin. Evidently, the sizes for which this happens are encountered only with very large structures, particularly large bridges. But those structures would have a reinforcing mesh in the compression zone, a case that would require a Is there any cause for alarm? For the smaller size range, which is the normal size range, the answer is no. In fact, the reduction of safety margin due to the size effect is compensated by various kinds of covert safety margins in the current code, as demonstrated in detail in Bažant and Frangopol (2002) . For example, the code specifies a load factor of 1.4 for the selfweight acting alone, and 1.2 for load combinations. However, the error in selfweight cannot be larger than about 3%. This means that larger beams, in which the selfweight is a much greater proportion of the total load, get penalized compared to small ones. This actually provides a hidden protection against a mild size effect such as the present one. However, if a more rational safety structure is introduced into the code, than a correction for the presently shown size effect should be implemented.
Conclusions
1. Within the size range investigated here, the flexural failure of geometrically scaled prestressed beams failing due to compression softening of concrete exhibits a size effect. 2. For the normal size range considered here, this size effect need not be implemented in the design code because the reverse size effect due to excessive selfweight load factor required by the code indirectly compensates for it. 3. The stress profiles across the compression damage zone exhibit at peak load only mild softening (i.e., only a mild stress reduction from the strength limit). This is one explanation why the size effect is only mild within the size range studied in this paper. 4. The other explanation is that the compression crushing (or softening) zone occupies a large portion of the beam. 5. Uniform safety margins, which are desired for economy and efficiency of design, could be achieved by applying a size effect correction factor to the stress in the rectangular compressive stress block used in beam-type strength analysis. 6. Based on an amply validated theory, whenever a structure fails by progressive softening damage, there is a transitional size effect bridging plastic limit analysis with no size effect and linear elastic fracture mechanics (LEFM) with the maximum possible size effect. Thus, prior to this study, the only question was whether the transition from the mild to strong size effect occurs within the practical size range or beyond it. The latter is what is indicated by this study. 7. A simple extrapolation to much deeper beams could be obtained by fitting Bažant's type 2 size effect law to the combined size effect data from finite element analysis. However, the extrapolation based on the present data alone is uncertain since the data fitted have a very high scatter. Besides, new experiments with larger beams would be needed to confirm or disprove this theoretical inference. 
